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A systematic methodology applicable to the optimal design of stable process
systems is presented. It is based on the formulation of a parametric problem that
provides bounds on the optimal stable solution and an iterative algorithmic approach
that attains convergence of the bounds in a finite number of iterations. The bounds
on the optimal stable solution are based on analytical expressions of bounds on the
eigenvalues of the Jacobian matrix using the concept of the measure of the matrix.
When extended to the synthesis problem of reactor networks, the approach is able
to couple the optimization problem with stability issues even in cases where the
number of reactors is large and the reaction mechanism is described by a general
complex reaction scheme. Furthermore, since at the synthesis level the reactor net-
work represents an exhaustive superposition of the existing structural and operational
alternatives, the approach fully exploits these alternatives and coordinates a weighted
optimal search that improves the objective and accommodates a stable reactor
network. This approach is not restricted to the synthesis of reactor networks and
can be applied to the design of total process flowsheets.

Introduction

The general character of the steady-state operation of the
continuous stirred tank reactor has been first studied by Lil-
jenroth (1918) and much later by Frank-Kamenetski (1939)
and Salnikov (1948) who discussed the problem of periodic
phenomena in a reaction system. Bilous and Amundson (1955)
first viewed the CSTR as a nonlinear dynamic system, applied
Lyapunov’s indirect method to study different steady states,
developed analytical criteria for the stability, and presented
phase portraits for the reaction paths of the system. In the
following two decades, a much better understanding of the
problem has been achieved through a large number of theo-
retical and experimental studies focused on the development
of: (i) methods pertaining to the dynamical system in terms of
its possible phase portraits and bifurcation diagrams;
(ii) systematic methods for calculating the maximum number
of solutions and the different types of steady-state bifurcation
diagrams; and (iii) uniqueness and steady-state multiplicity cri-
teria expressed in terms of the system parameters.
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In the first class of achievements belong the phase planes
by Uppal et al. (1974, 1976), the augmented portrait galleries
presented by Vaganov et al. (1978), Williams and Calo (1981),
Kwong and Tsotsis (1983) and Pismen (1984), as well as the
deterministic chaos observed and studied in a number of cases
concerning reaction processes. In the second class of devel-
opments belong the early works by Aris and Amundson
(1958a,b,¢) and the methods of singularity theory for systems
with a distinguished parameter developed by Golubitsky and
Schaeffer (1979). These methods were applied by Golubitsky
and Keyfitz to the single-reaction CSTR (1980) and by Bala-
kotaiah and Luss (1981, 1982a,b,c, 1983, 1984) to a more
general spectrum of reaction schemes.

The multiplicity problem has been addressed for a number
of cases that range from the single irreversible reaction to
mechanisms described by consecutive and parallel reaction
schemes. For the case of two consecutive reactions the max-
imum multiplicity has been found to be seven (Chicone and
Retzloff, 1981). As the number of the consecutive reactions
increases to n, the maximum number of solutions increases to
as high as 2"*! — 1 (Chicone and Retzloff, 1981). For two par-
allel reactions the multiplicity around the highest order sin-
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gularity is five (Balakotaiah and Luss: 1982a, 1983) and in the
general case of n parallel reactions with the equal and suffi-
ciently large activation energies, there are (n!) singular points
with maximum multiplicity 27+ 1. These results, all in refer-
ence to the single CSTR, give an idea of the complications
behind the general problem associated with a complex reaction
mechanism.

A systematic work on the multiplicity and stability problem
of two nonisothermal CSTRs can be found in an exceptional
article by Kubicek et al. (1979) who studied the effect of the
recirculation ratio on the stability, and they concluded that
the multiplicity of the system is decreased as the recycle in-
creases. Dangelmayr and Stewart (1982) viewed the N-CSTR
cascade as a sequential bifurcation problem while Svoronos et
al. (1982) extended the work by Uppal et al. (1974, 1976) for
the case of two identical CSTRs in series and provided a test
for the direction of bifurcations of limit cycles. The derivation
of conditions for uniqueness and multiplicity has been studied
for a number of single and muitiple-step reactions. In terms
of general criteria, Feinberg and Horn (1974, 1977) and Fein-
berg (1987), whose work has its roots in the ideas of Horn
(1972, 1973) and Horn and Jackson (1972), developed an anal-
ysis for the stability of isothermal reactor networks for which
a number of properties (deficiency, reversibility, weak revers-
ibility, and so on) is defined and two principal theorems are
proved for networks with deficiency zero and one. Although
networks of high deficiency arise often in practice, Feinberg’s
work has been the first systematic effort to have addressed the
stability of complex reactor networks.

Westerterp and Jansma (1985) studied the safe design and
operation of tank reactors for multiple reactions and developed
uniqueness and multiplicity criteria using Van Heerden’s anal-
ysis (1953) based upon the construction of curves for the heat
withdrawal and production rate. The authors found difficult
to handle the design problem with the available criteria in the
literature and developed a methodology based upon a plotting
of the design and operating constraints in a diagram of di-
mensionless groups. These ideas were further extended for the
safe design of cooled tubular reactors for exothermic reactions
(Westerink and Westerterp, 1990a), the safe design and op-
eration of fluidized-bed reactors (Westerink and Westerterp,
1990b) and the stable design and operation of catalytic flu-
idized-bed reactors (Westerink and Westerterp, 1990c).

This article presents a systematic approach for the design
of stable reactor networks. The problem is addressed at the
synthesis level where the design parameters have not yet been
specified and the focus is on constructing a stable reactor
configuration that optimizes a given performance criterion.
The optimization objectives require the use of explicit criteria
for stability. Although for simple mechanisms such criteria
may be available, it is for the synthesis of processes described
by complex reaction mechanisms the use of reactor networks
is justified. Furthermore, instead of a single unit, the reactor
network consists of many reactors and, since the optimal con-
figuration is a special case of a general structure inclusive of
all possible interconnections among the units and featuring
options for side streams and recycles, the analysis should be
capable of handling systems comprised of a large number of
parameters and variables.

The motivation and synthesis objectives addressed in this
article are presented, as well as a review of the concepts the
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proposed approach is based on. These concepts include the
basic definitions of the matrix measures and their properties,
as well as theorems defining their relation to the dynamics of
a particular system. Then, the general problem of optimizing
a nonlinear system over its stable equilibrium points is ad-
dressed. A systematic procedure is further developed which
leads to the optimal stable solution of the problem is of general
applicability, and accommodates for large-scale implementa-
tions. The approach is applied to the optimal synthesis of
reactor networks that feature complex reaction mechanisms
and/or networks of reactors which are highly interconnected
and account for a complete representation of the synthesis
alternatives.

Motivation and Synthesis Objectives

At the synthesis level, an isothermal or a nonisothermal
reactor network superstructure represents an exhaustive super-
position of the available alternatives of the reactor system and
embeds design scenarios one may take advantage of in order
to improve the performance of the reaction process. The so-
lution of this problem results in a reactor configuration which
although optimal does not, in general, represent a stable op-
erating system. In the case of inexpensive control action and
perfect controllability, such an unstable solution may still be
the desired alternative for the reaction mechanism in question.
There are cases, however, for which either the controllability
over the reaction process is limited or one is willing to know
about the tradeoffs between the unstable operation and the
required control action. Meeting stability concerns for the op-
timal solutions obtained by the reactor network synthesis ap-
proaches have been the motivation behind the analysis presented
in this work.

The effort in stabilizing a reactor system is often attained
by manipulating the operating parameters of the process (that
is, inlet temperature, utility consumption, overall conversion,
and so on) at an a posteriori stage. It is possible, however,
that structural parameters may be of equal importance and as
such one may consider the potential rearrangement of units,
the reallocation or redistribution of the feed, the reallocation
or conversion of utilities, as well as the consideration of by-
passes, recycles, or other interconnecting streams.

Thus, it seems advantageous to develop a methodology that
looks into the stability problem within a superstructure scheme.
In such an approach, should the criteria for the performance
also include stability considerations, the different features of
the superstructure are to be fully exploited so as to maintain
the desired dynamic characteristics for the system. Therefore,
the analysis effort should not focus on stabilizing a subsystem
of the reference structure; such an effort would only consist
in a local search around an unstable optimal solution and, if
successful, would end up at a suboptimal solution. In contrast
to a local search, the desired methodology has to search for
stable systems in the entire vector space and meet the optimality
conditions in the final solution.

The mathematical formulations associated with reactor net-
work superstructures consider a large number of state variables
and a general class of nonlinearities depending on the expres-
sions of the kinetics, the isothermal or nonisothermal operation
of the process and the mixing alternatives of the superstruc-
tures. In order to accommodate the additional considerations,
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the approach should be able to handle the size and the structure
of these formulations and, in reference to the general case,
not to restrict itself to specific types of reaction mechanisms
or reaction rates. Therefore, outlining the principal objectives,
the stability problem should be:

(1) Addressed at the synthesis level along with the super-
structure alternatives

(ii) Coupled with the optimization problem via explicit cri-
teria

(iii) Embedded in the nonlinear and generally large for-
mulations that handle complex reaction networks

(iv) Soived with a systematic and rigorous algorithmic pro-
cedure.

On asymptotically stable equilibrium points, Lyapunov’s
indirect method enables one to draw conclusions about a non-
linear system by studying the eigenvalues of the Jacobian ma-
trix of the linearized system. At the synthesis level at which
the configuration of a system of reactors is unknown, however,
the Jacobian matrix is not numerically available but only as a
general function of the unknown equilibrium point. As aresult,
mathematical expressions for the eigenvalues can only be ob-
tained for very small and up to 4 by 4 systems. Furthermore,
even in these cases, the expressions are highly nonconvex and
quite complex to be accommodated in the optimization prob-
lem. Instead of the eigenvalues, one could alternatively focus
on the derivation and use of analytical expressions for the
bounds of the eigenvalues. As it is shown later, in this case
the expressions are found to be simple, convex and, what is
most important, able to handle arbitrarily large systems. Fur-
ther discussion on the subject gives reference to the measure
of a matrix (Dahlquist, 1959; Coppel, 1965) which is presented
in the following section.

Review of Basic Concepts
Definition 1

Let 1. be a norm function and 4 be a matrix in ®"*". The
mapping ®"*"—R:

NAxH
4N, =sup X sup lAxl= sup IAxI m)
x#0 Ixtt Ixh=1 Ixl =<1

is called the induced norm of A4.

The induced matrix norms corresponding to the vector norms
f-N,, .U, and 11, are given in Table 1.

Table 1. Induced Norms on ®"*"

Norm on ®" Induced Norm

.

.

elly=7 1l
i=t

n /2
ety = (2 Ix,-|2>
=1

N, =max Ix;
P

AN, =max D] loy!
J i

"AIIIZ = t )\max(A *A) ] 2

IAY;. max E layl
i N
J
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Definition 2

Let 1.1, be an induced matrix norm on ®&"*". The matrix
measure or the logarithmic derivative of a matrix A of ®"*"
is the mapping p;: ®R"*" — ®R:

M +eAl—1
p(A) = lim 2l - @
e—0*

As by the above definition, u(A) is the directional derivative
of the norm in the direction of the matrix A. A detailed dis-
cussion about the matrix measure, its full set of properties, as
well as the analytical results based upon the various classes of
norms can be found in Desoer and Haneda (1972), Desoer and
Vidyasagar (1975), and Kokossis (1992). This section provides
an introduction to the subject and outlines the properties which
are of importance for the synthesis objectives of this work.

Property 1. The matrix measure p(A4) exists v4 in ®"*"
and for every induced norm fi-ll,.

Property 2. The matrix measure function is sign-sensitive
and bounded by the positive (upper bound) and negative (lower
bound) induced norm functions.

Property 3. If u; is a measure function on ®R"*", then

vaef0, + oo}, u; is a multiplicative function:

plad) =ap,(4), AeR™" (3)
u; is a convex function, namely:
milad+(1-o)B} < aufA) + (1 — a)ulB) 0]

for every 4 and B in ®"*" and va€[0, 1].

Theorem 1. Let -1 be a norm in ®” and |- I;, u; denote
the corresponding induced norm and matrix measure on ®"*".
Also assume the linear system:

x(D=A)x(1) )]

where x(¢#)€®R" and A (¢) is piecewise continuous. Then:

Ix ()1 exp“ —p.,-(—A(-r))d-r} <lx()|

0

<lx(t) epr y.,v(A(T))dT} 6)

0

for every t=1,=0.

Theorem 2. For every eigenvalue \,, k=1, ..., n of the
matrix A€R"*" and for every induced norm Il -l;:
—p{~A)=Re(N) =p;(A) Y]

From theorem 1, it follows that, with respect to the solution
of a dynamic system, bounding expressions can be derived in
terms of u{A4). Furthermore, from both theorems it follows
that a sufficient condition for asymptotic stability is that the
measure matrix u{4(#)) is a negative function. For autono-
mous systems, theorem 2 provides an explicit criterion for the
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Table 2. Matrix Measures on ®"*"

Norm on ®” Matrix Measure

ly=] Ixl
i=1

n 172
Iy= (z |x,|2)
i=1

I-l,=max Ix;i
i

u; (A)=max {a,,+ Z la,,l}
J i
VZ(A) = )‘max[A * + A]/z

Uoo(A)=max {a,-,-+ Z la,,l}
g 7

nonnegative of A whenever analytical expressions are available
for p(A). However, based upon an arbitrary norm, such
expressions are not generally possible. For the norms II-1,,
Il-1,, and Il - ., the matrix measures take on the explicit math-
ematical forms given on Table 2. In conjunction with these
forms, the applicability of theorem 2 is further illustrated with
an example.

Tllustration
Let the matrix:

6 -3
A =
3 2
The eigenvalues of A are given by:

)\1,2=4.i‘\/§

while the matrix measures of A4 are given by:

m(-A)=1 m(4)=9
p—A)=2  p(A)=6
po(—A)=1 po(4)=9

Since Re()\,) = Re()\,) =4, theorem 2 can be verified through
the validity of the following inequalities:

l=p(—A)sRe(N\ )= (A)=9
2=py(—A)sRe(N\ ) =p(A)=6
I=pa(—A)=Re(\ ;) Spa(A)=9

In the above illustration, the matrix 4 has constant elements
and its eigenvalues can be calculated analytically. For a matrix
whose elements are not constant, the matrix measures will still
provide upper and lower bounds for the real parts of the
eigenvalues even if the evaluation of the eigenvalues is not
possible. This is the case of dynamical systems whose steady-
state performance is to be optimized and the matrix A consists
of elements that represent unspecified design parameters. For
these systems, Lyapunov’s indirect criteria for asymptotic sta-
bility cannot be implemented and the use of matrix measures
represents an attractive alternative: (i) the measures have de-
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sired convexity properties (part (ii) of Property 3), and
(ii) mathematical expressions for the measures based upon the
norms Il- I, and -1l (see Table 2) are particularly suitable to
optimization purposes because the maximization terms of these
expressions can be always relaxed into a set of inequality con-
straints. Although both can be used for bounding the eigen-
values of A4, there is no way of predicting which one performs
better. In general they both can be very conservative and this
issue gives rise to the matrix measure relaxation approach
which is presented in the following section.

Optimal Design of Stable Systems
Problem definition

Let xe®R" be a vector of variables and pe®” a vector of
parameters of the nonlinear dynamical system (M):
x (1) =glx, p)
xeX
PeZ 3

where g(x, p) is a continuously differentiable function in terms
of x. Let also the Jacobian:

dglx, p)] )

G(x,p)=[ o

be a well defined function v(x, p)eXxZ. The steady-state
solution of (M) is given by:

F={yeXxZ: g(y)=0} (10)
and the set of stable equilibrium points by:

S={yeF: NG()]<0} 1y
For a given function f(x, p) on ®"*"—a minimizing direction

can be assumed without any loss of generality—the objective
is the solution of the problem (P,):

z=min f(x, p)=fx", p") (12)
{x.p)eS

Parametric problem

Let G(x, p) denote the Jacobian matrix with elements g, ,,
i,k=1,...,n. Based uponthe Il -l norm, the matrix measure
p of G is given by:

plGlx, p)]=lmflx wy (13)
where
Wi =Bt Z Igix! (14)
o
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If be[b®, b*7] stands for the n-dimensional vector (b,, b, . .. ,
b,)", the parametric problem P(b) is defined as:

z(b)=min f(x, p)

gx, p)=0

peZ (15)

The following theorem is proved in Appendix A.

Theorem 3. Let F be a compact set along with the function
7: ®"—®: b—z(b), where z(b) is the solution of the parametric
problem P(b). Then:

(a) z is a nonincreasing function; and

(b) There exists a 2,6 ® such that: (i) Z =lim,_ .z (#) = f(X,
Po); and (ii) 7, = 2° where 2°° is the solution of the optimization
problem (P,):

7°=z(b")=min f) (16)

YEF

If b represents an n-dimensional vector for which P(bd) is
feasible, then it represents an upper bound on z(b), that is,
7 =z(b") and for =0 we have:

zZ(b)eS amn
Then since z(b) is the solution of (P,), it holds that:
P =z(b")<z(b)<z(b")=z" 18)

As stated in the above inequality, the solution of (P), z, is
bounded by two of the solutions of the parametric problem:
the upper bound corresponds to a stable equilibrium point
while the lower bound corresponds to an unstable solution.
From theorem 3 it holds that 35" €[b", b*"] such that z=z(b").
If the components of the n-dimensional function #: ®"—®:
b—max,Re{\[G(x;, py)]} are continuous and unimodal, the
search of " can be directed by any conventional optimization
approach. In the more general case the problem has to be
viewed as an optimization of a multivariate Lipschitz function.
For this latter class of problems, systematic algorithmic pro-
cedures have been proposed by, among others, Evtushenko
(1971), Pijavskii (1967), Strongin (1973), and Timonov (1977),
as well as approaches based upon decomposition (Floudas and
Visweswaran, 1990, 1993; Visweswaran and Floudas, 1990,
1992). As to the absolute values introduced in the formulation
of the parametric problem, they can generally be handled by
assigning binary variables to the sign of their argument and
reformulating the parametric problem as a Mixed Integer Non-
linear Programming Problem (MINLP). Alternative ways
which avoid the use of integer variables are discussed in the
section on remarks on the solution algorithm.
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Algorithmic procedure

The algorithmic procedure suggests an iterative scheme that
solves a parametric problem at each iteration, updates b and
b", updates the lower and upper bounds for z and checks for
convergence. The algorithm assumes the existence of a stable
equilibrium point that sets the value of the parametric vector
b"; the vector b is obtained by the solution of the steady-
state optimization problem (P2). For certain classes of prob-
lems, as in the case of reactor networks, the existence of a
stable equilibrium point cannot only be guaranteed but, fur-
thermore, its search can be systematically incorporated in the
solution procedure. The steps of the solution algorithm are
next presented as follows:

Step 1. Formulate and solve the steady-state problem (P5)
and let its solution be z°° =2z, and (Xa, po.). If (P;) is feasible,
then,

(a) Calculate the eigenvalues AMG(xw, p)]-
(b) If A[G(Xs, Px)] <0 then terminate; z= 2.
Step 2.

(@) Set b =u[G(xx, p)]-1.

(b) Set 2°=2z,=2(H").

(c) Select b“.

(d) Formulate P(b).

(e) Solve P(b°) for z(5“) and (x, p).

(f) Set 2P =z(b").

Step 3. Check for convergence criteria:

If 12**—2°| <¢ terminate; z=2°.

Step 4. Update b, b=b*, and solve P(b") for z& and (x,,
pi)- Calculate the eigenvalues NG(x,, p)).

If Re(A[G(x,, p)]) <0 then, Update: z** =z(b,), b =b*; go
to Step 4.

Else update z°=z(b,), b**=b*; go to Step 3.

Since it is based upon the successive relaxation of the bounds
imposed on the components of w, the procedure is identified
as a matrix measure relaxation approach. The flow diagram
of the algorithmic procedure is given in Figure 1.

Hllustration
Consider the optimization problem (P):

Z=min X2
associated with the dynamical system:
X =xi+x-1
Xy=X+x,—4p

Osp=<l
x =<0

—X2SO

In problem P, the vector of variables x is given by x; and x,
and the vector of parameters by p. The optimal steady state
is the solution of the problem (P,):
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|

Soive (P2) for

(Zews Xeor Poc)

@ YES

NO

b = U[G(Xes, Puc)) I

0 =z, = 2(byp)

-

Select blo

Solve P(blo)

o 29 = z(plo)

YES

129 -2l0] < ¢

NO

e b=bk g [blo‘ bup]

Solve P(bk)

Calculate A{G(x, py)]

STOP

e blo=pk

2P = z(bk)

YES NO
Re[ A [{G(xx. px]} < O

e 210 @ g(bk)

e bYP=bk

and

Figure 1. Matrix measure relaxation algorithm.

Z=min x
st B+x-1=0
X+x,~4p=0
O=<p=l
X =<0
Xx,z0

it is given by:

=0, (Xo, Pu)=(—-1,0, 1/4)

The Jacobian of the system is:

and

854

G—— le 2X2
Tl 1

evaluated at (Xo., po.) yields:

o[

The eigenvalues of the above matrix are \(G)= —2 and
A(G) =1 and since \,= 0, the solution of (P,) is unstable. The
matrix measure of G is:

HolG(X, Do)l =max{ -2, 3} =3

Set b**=(3, 3), Z°=z(b**)=0.
The parametric problem P(b) takes the form:

Z=min x3
st X+xi-1=0
X+x-4p=0
2+ 2x,—- b, <0
-2x+1-b,<0

O=p=<l

Iteration 1. By setting the initial parametric vector b° = (1.5,
2.0)7, the solution of P(b') for b'=b" yields:

2'=0.75, ', p")=(-0.5, 0.866, 0.279)
Thus:
°=z'=0.75, 7°=0.00
while in terms of the bounds of the parameter b:
b°=(1.5,2.0, b»*=(3.0,3.0)"

Iteration 2. Based upon the updated values for 4? and ",
b*=1/2(b" + b**) = (2.25, 2.50)" and the solution of P(b?) is:

7=0.438, (&, pH)=(-0.75, 0.661, 0.306)

The eigenvalues of G have negative real parts and the solution
is stable. Thus:

¥ =2'=0.438, 2°=0.00
and
b°=(2.25, 2.50)", b*=(3.0,3.0)7
The iterations further proceed up to the point where:
12— 2" <e

For =107, the algorithm converges in 6 more iterations:
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Iteration z° z* e (b**)"  Status of (x*, pY

3 0.23 0.4 (2.25, 2.50) (3.00, 3.00)  unstable
4 0.230.34 (2.25, 2.50) (2.63, 2.75) stable
S 0.23 0.29 (2.44, 2.63) (2.63, 2.75) stable
6  0.23 0.26 (2.53, 2.67) (2.63, 2.75) stable
7 0.250.26 (2.58, 2.72) (2.63, 2.75) stable
8 0.250.25 (2.58, 2.72) (2.60, 2.74)  unstable

The optimal steady-state solution and optimal vector are
therefore given by:

Z=0.25, (xF, p®)=(-0.866, 0.50, 3.125)

Optimal Synthesis of Stable Reactor Networks
Linearized single CSTR

The design equations of a CSTR that processes a reaction
system of rp reactions and a total of n components are given
by:

4T
SV =46, (To- T)+V > AH,R,—UA(T-T,) (19)

w

dc; .
V=r=alcl-c)+ V%} VpiRp i=1,2,...,n (20)

where T, and ¢/ are the feed temperature and concentration,
T, the coolant or heating fluid temperature and AH,, is the
molar heats of reaction. The above set of O.D.E.s for the
single CSTR is nonlinear only by virtue of the reaction rate
term:

Rrp:Rrp(ch c29 vees Cm T)=Rrp(zv T) (21)
Linearization of R,, around the steady state R, =R,,(c;, T)
yields:

5.5, 0R'P
R""R'”(or)c_ (T- T)+Z(0c,> (ci—Gis)

" (22)

Let the dimensionless temperature 8 = T-¢,/AH, be introduced
and the steady state be made the origin of the phase plane by
using the deviation variables:

=090, @3)
X,-=C—C,~_S (24)
r,=R,— R} (25)

The design equations for the CSTR rearrange to:
. dr,
(=X, ~q/V—u+ E ot | =
* ( ) * i v y wm Bp (tix")}

£33 6, ( 'f’)xi 26)

i=l rp
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. or, or,
x;{t) = i\ o 44 i | e ;
oSl o a5

dr,
+ZZ»,,,,< ”) i=1,2,...,n 27
=1 /
J#i

where 8,,=AH, ,/AH,, u=UA/Vc, and

Orp\ _ [9r,
(%)- (%),
dr, _ {3,
(%)- ().,

Matrix measures for the linearized network of N CSTRs

Let us consider the network of N CSTRs interconnected to
each other in all possible ways. Let also m,, denote the vol-
umetric flow rates of the interconnecting stream from reactor
! to reactor k, and f, denote the part of the fresh feed stream
that is directed to reactor k. The inlet temperature, 63, as well
as the inlet compositions ¢}, of the kth CSTR are given by:

N

0= (mu/q)b+ (/a8 (30)
i=1
Ik

N

o=, (my/geu+ i/gde i=1,2,...,n (1)
=1
I1#£k

where 87 and ¢/ are the feed stream temperature and compo-
sition, g, the inlet volumetric flow rate and ¢}, the composition
of the ith reactant out of reactor /. In terms of the deviation

variables introduced before, the linearized design equations
for the reactor network are given by:

. g,
xo,k(t)zxo,k'[ (Ik/Vk‘uk'i’Zﬁrp (0::) }
0/ ss.k.
or,
Z xo,+226,,,<’f’> xis (32)
Xi sk

I#k

) or, Yom
xi.k(t) = Z Vrp,i <_07p> xo.k+ Z 7[:5 i
°/ ssk

w
9,
{ qk/Vk+Z V””(l’x,) k}xi,k
+22v,,,,< ) Xx (33)
X ss.k

j=1 rp
JEI

where x,, and x;, denote the deviation variables x, and x; at
the kth reactor. If the matrix of the stoichiometric coefficients
is of rank r and the reactor network consists of N CSTRs, the
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linearization of the system results to a (r+ )N X (r+ 1)N ma-
trix. Based upon the fl-§l, norm, the matrix measure of the
linearized network is given by:

""co(A) = max Win k (34)
12kan
with
o,
W= =G/ Vi— e+ Z Brp (0;)
P o/ ssk
N r
my, o,
+; T Z S By (ox,.) (35)
= i= p ss,k
Ik
S, Nom
Wms1 k= {_Qk/Vk"'Z Vrp,m(ﬁ;‘:) }"' 2 7’/{’5
w 55,k =1
Ik
o7, - i gn
+ Z Vrp,m (:’7);;) + Z Z Vip,m (T?Z) (36)
p 58,k Jj=1 P ss,k

Jj#Em

Notice that for r=2, explicit expressions for the eigenvalues
of the linearized system are not possible unless N=1 (that is,
single CSTR). Through the matrix measures explicit expres-
sions for the upper and lower bound of the eigenvalues can
be obtained for any number of reactors or independent reaction
components. Furthermore, in case one is interested in aug-
menting the design equations so that to include sufficient cri-
teria for stability (that is, A\(4)=<0), the criteria should take
the form:

wn<0 1<k=<N, l=msr+l @37
Due to the nature of the matrix measure, such criteria may
unnecessarily restrict or even eliminate the feasible region. The
possibility for such an unfortunate outcome, suggests that the
criteria be used in a relaxed form and in combination with the
systematic procedure suggested by the matrix measure relax-
ation algorithm presented in the section discussing algorithmic
procedure.

Remarks on the solution algorithm

The diagonal elements of the Jacobian of a linearized reactor
network have been derived in the previous section and are
given by:

dr,
= ~qi/Vimup+ )| B =2 38
8k i/ Vi— Uy . B X, ook (38)
if k corresponds to an outlet temperature and by:
=- /V+§:u-ﬁi (39)
8k k= —qr/ Vg . ok OXe s

if k corresponds to an outlet composition. Since both of the
above expressions can be made as negative as desired by ap-
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propriately adjusting g,/ V;, the solution of a parametric prob-
lem P(b) is feasible for any choice of b unless bounds are
imposed on the residence times of the reactors. As a result,
the matrix measure relaxation approach is also applicable to
problems in which the objective is a conservative design that
aims to make adequately negative eigenvalues for the Jacobian,
that is, MG) < b<<0.

The components of the vector w, introduced in the para-
metric problem, are derived in the previous section and involve
absolute values with argument expressions related to the partial
derivatives of the reaction rate. For rates of first order or for
components solely consumed or produced, the sign of the
arguments is predetermined and the absolute values can be
dropped. If this is not the case, one can either use over-
estimators or assign binary variables to the sign of each ar-
gument and reformulate the parametric problem as a Mixed
Integer Nonlinear Programming (MINLP) problem. Alter-
natively, the parametric problem can be solved with an assumed
expression for each w, and complementary constraints for the
arguments in the form: g;, <0 or —g;,<0. Then, if the mar-
ginals associated with the inequalities turn out to be non-
negative the solution is an optimal one. Otherwise, the
inequalities corresponding to positive marginals should be re-
versed, the expressions for w, be accordingly modified, and a
new parametric problem be solved. In terms of the type of the
optimum obtained by applying the matrix measure relaxation
approach in conjunction with an NLP solver, it should be
noted that a global optimum is expected in the case of a convex
problem and a local optimum otherwise. Because of the non-
convex type of nonlinearities involved in the mathematical
formulation of the reactor network synthesis problem (Ko-
kossis and Floudas, 1990, 1991, 1994), the final solution will
always be a local optimum.

Example problems

The objective of this part is to illustrate how the matrix
measure relaxation approach can be implemented for the syn-
thesis problem of complex reactor networks. The illustrations
include two example problems in which the optimal steady-
state solution corresponds to an unstable equilibrium point.
The formulation and the parametric problems discussed in the
section on optimal design of stable systems and the application
of the proposed solution algorithm results in both cases to an
alternative reactor configuration that is stable and optimal.

The reaction system is given by the Van der Vusse reaction
mechanism:

A%BE¢c 2%D

in which A represents the fresh feed component and B the
desired product. Reactions 1 and 2 are of first order while
reaction 3 is of second order. In terms of the system parameters,
the feed is furnished with a flow rate 1 1/min, the feed con-
centration of A4 is (1 gmol/l), the kinetic constants are Ar-
rhenius expressions of the form:

ky=5.4 10 exp (15,840/RT) s~!
k,=3.6 10° exp (7,920/RT) s~!

k3=1.6 10" exp (23,760/RT) L/mol-s
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Figure 2. Reactor superstructure for example 1.

where the activation energies of the above expressions are in
cal/mol and the dimensionless heats of reaction, ;=
AHR//(pc,), are given by:

yi=—0.28, v,= —0.36 and v;= —0.20

The synthesis problem is based upon a nonisothermal reactor
network superstructure that consists of 3 CSTRs. The details
for the generation of the superstructure and the varieties of
the alternatives which are embedded in this scheme are dis-
cussed by Kokossis and Floudas (1990, 1994). In contrast to
that work, the existence of the CSTRs is not treated as an
optimization variable (that is, all CSTRs participate in the
optimal configuration) and the synthesis problem is formulated
as a Nonlinear Programming (NLP) problem. The algorithmic
parameter, b, of the matrix measure relaxation approach is
updated based upon a bisection search, and the state variables
of the dynamical system represent the deviations of the outlet
concentrations of the reactants and the outlet reactor temper-
atures of the reactors. Since the matrix of the stoichiometric
coefficients is of rank 2, the Jacobian of the linearized network
results in a 9 by 9 matrix the elements of which are given in
the Appendix B.

Example 1. The system is fed with a stream of temperature
330°K and the reactors have residence times within 20-100 s.
All temperatures are allowed in the range 300-360° while the
interconnecting streams are within 0.1-100 L/min. From the
assumed superstructure, given in Figure 2, the reactors operate
adiabatically and thermal control is available by heating or
cooling the inlets of the reactors.

The reactor configuration that optimizes the yield of B is
given in Figure 3. The reactors are arranged in series, the first
and third are precooled from 330 to 297 K and the second
CSTR is preheated from 300 to 305 K. The reactor outlet
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Figure 3. Unstable optimal solution of example 1.

temperatures along the cascade are 300, 315, and 358 K while
the optimal yield is found 0.346. The steady state associated
with the third CSTR, however, is unstable and so is the overall
reactor configuration. The result can also be checked through
the eigenvalues of the Jacobian for the linearized network.

The matrix measure relaxation approach is applied to this
system for e, = ¢, = 1072, The steps of the algorithmic procedure
are given in Figure 4. The first plot of the figure provides the
maximum and the minimum real part of the eigenvalues of
the Jacobian evaluated at the solution of each parametric prob-
lem. The second plot gives the levels of 7'° and z*° at each
iteration. Convergence is achieved whenever the two curves of
the graph meet and this requires a total of seven iterations.
The optimal stable solution is given in Figure 5. In this solution,
all CSTRs are precooled and the outlet reactor temperatures
along the cascade are found to be 310, 300, and 301 K. The
yield associated with this configuration is 0.118.
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Figure 4. lterative procedure for example 1.
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Figure 5. Stable optimal solution of example 1.

Example 2. The reactor system is furnished with a feed
stream of temperature 300°K. The residence times of the re-
actors are within 0.1-20 s while all temperatures are allowed
in the range 360-396 K. In contrast to the previous example
the reactors operate nonadiabatically and the assumed super-
structure is given in Figure 6.

The objective of the synthesis problem is given by:

fO8", Q=x5"~p-LQ}

M

Inlet
Stream

an
Ll_r\.
|

N Y Outlet
A Stream™

M

Figure 6. Reactor superstructure of example 2.
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Figure 7. Unstable optimal solution of example 2.

where x* is the outlet concentration of B from the reactor
network, Q; the heat loads at each reactor, and p, a penalty
parameter set to 0.8.

The solution of the optimization problem without stability
considerations results in the reactor configuration of Figure
7. In the optimal solution the CSTRs are arranged in series;
the first and second reactor operate almost adiabatically while
the third CSTR is precooled and operates nonadiabatically and
maintains an outlet temperature equal to 396 K. The optimal
configuration has an objective function equal to 0.55 but it is
unstable.

The application of the matrix measure relaxation approach
is based upon the same convergence criteria with example 1,
and the steps of the solution procedure are given in Figure 8.
The optimal and stable configuration is given in Figure 9 and
is quite different from the unstable configuration of Figure 7.
First the cooling strategy along the cascade has been reversed
and most of the heat is removed from the first CSTR. Secondly,
thereactor configuration is structurally different and it features
a recycle from the second to the first CSTR. The outlet tem-
peratures along the cascade are found to be 360, 378 and 380
K. The optimal solution associated with this configuration
results to an objective equal to 0.373.

Note that in the two considered examples the optimal so-
lutions found by introducing the stability criterion exhibit lower
yields compared to the unstable solutions. This can be attrib-
uted to the conservative nature of the measure of stability used
in this work.

Conclusions

A systematic methodology has been presented for the op-
timal design of stable systems. The methodology is based upon
the formulation of a parametric problem that bounds the op-
timal stable solution to which it converges within a number of
iterations. When extended to the synthesis problem of reactor
networks, the approach is able to couple the optimization
problem with stability concerns even in cases where the number
of reactors is large and the reaction mechanism is described
by a general complex reaction scheme. Furthermore, since at
the synthesis level the reactor network represents an exhaustive
superposition of the existing structural and operational alter-
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Figure 8. Iterative procedure for example 2.

natives, the approach fully exploits these alternatives and co-
ordinates a weighted optimal search that improves the objective
and accommodates a stable reactor network.

In reference to chemical engineering processes, the approach
can be implemented to the reactor design problem so that to
exclude unstable operating points or study structural and op-
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Figure 9. Stable optimal solution of example 2.
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erational alternatives that may compensate for stability con-
cerns. Since it is not limited to specific or small dynamical
systems, the methodology can handle equally well cases of
isothermal, adiabatic, or nonisothermal reactors, cases of in-
terconnected reactors processing complex reaction schemes, or
even complex reactor network superstructures that provide
complete representations of the existing design alternatives.
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Appendix A: Proof of Theorem 3
(a) By definition:

zZ(b)= min f(»)

yeD(b)
where

D(b) = | yeF: p[GU)]<b]

Let the n-dimensional vectors b, = [b}, b3, . . ., bi]" and b, = [b%,
b, ..., B  with bi<bl, k=1, 2, ..., n. Then, D(b,)C D(b,)
and:

h(b)= min fiy)= min fy)=h(b,)

yeD(by) yeD(by)

Therefore, z(b) is a monotonically nonincreasing function.
(b) By definition SSF and:

Six*, p*)=min f(y)=min f{y)=2z°
yeS yeF
Since F is compact and D(b) S F vbe®R”,

h(b)= min f(y)=min fy)=27°
yeD(b) YEeF

For b,— o, the sequence #(b,) is decreasing and bounded by
Z°. Therefore, the sequence converges and 3z,,€® such that:

o= lim h(b)
b—
Furthermore, lim D(b)=F and:
b—oo

Ze=lim min f(y)= min f(y)=min f(p)=27°
) YeF

b~ yeD(b) yelimy - cD(b

Appendix B: Jacobian Matrix of Example Problems
1and 2

Let &k denote a particular CSTR of the superstructure and
the following symbols stand for:

* m;, the interconnecting stream from reactor / to reactor
k
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x,« the dimensionless steady-state reactor temperature
u, the dimensionless heats of reaction

V, the reactor volume

r%, the rp reaction rate

® C,. Cpy the outlet concentrations of A and B
¢ 7, the residence time of the reactor.
The Jacobian of example 1 and 2 is then given by the fol-

lowing 9 x 9 matrix:

_n_ 2 1 2265730 13.286h may oo My 0}’
Ca1 Can T A;a,l x¢27,l Vi Vi
! 11 26.573r .8597}
o n 126573 39.8 rz,O,@,0,0,@,O,
Cal Cg1 Ty xf:,l x<2:.1 4 v,
0.28r}+0.4r§’ 0.36r§’ ~l_'_7.44r§+ 14.349r§+2.6572r§_u1, 0,0, @, 0,0, my, ,
Ca, Can  Cay 7 x¢2;.1 |4 v,
m . P2 1 —26.573r1 13.286r3 m,,
) 0, 09 T T T T T Oy - 1_,_3 0’0 ’
143 Caz Cap T2 sz,z x%,Z v,
my o ri rl 1 26.573r1 39.859r3  ms,
03 _’v 09_ T T - ,0, —"_90 s
2 Caz2 Cgz T2 Xg,z xg,z V)
0,0, M2 0.28r§+0.4r§, 0.36r§’ 1 +7.44rf+14.349r§+2.6572r§ 0,0, r_n_g_Z}
V' cag Caz  Cp2 T2 xg,z v,
Mis o o M o o _r_f__Zr_g__l, ’ —26.573ri_13.286rgz,
Vi Vi Caz Ca3 T3 xﬁ,; xi,a
0, M3 o o M3 o r?’ _r_%_l, 26.573r?_39.859r§},
3 Vs Ca3 Cps T3 xfz,: xi,s
0,0, ™3 o o M3 0.28r O.4r§’ 0.36r%’ 1 +7.44r?+l4.349r§+2.6572r§_u3}}
Vs Vi’ cas Ca3 Cg3 73 xlz),3
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